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Abstract. This paper proposes some material towards a theory of general toric varieties 
^-"^ ■ without the assumption of normality. Their combinatorial description involves a fan to which 

is attached a set of semigroups subjected to gluing-up conditions. In particular it contains a 
— -H ' combinatorial construction of the blowing up of a sheaf of monomial ideals on a toric variety. 

In the second part it is shown that over an algebraically closed base field of zero characteristic 
the Semple-Nash modification of a general toric variety is isomorphic to the blowing up of 
1 the sheaf of logarithmic jacobian ideals and that in any characteristic this blowing-up is an 

isomorphism if and only if the toric variety is non singular. 

^ ■ Introduction 

In the first part of this paper we study abstract toric varieties without the assumption of 
normality. Since Sumihiro's Theorem on the existence of a covering of a toric variety by invariant 
afhne varieties fails without the assumption of normality, we have to set the existence of such 
a covering as part of the definition of a toric variety. Then an abstract toric variety has a 
combinatorial description: it corresponds to certain semigroups in the convex duals of the cones 
of a fan, which satisfy a natural gluing-up condition. This generalizes the definition of [5] 
which concerns toric varieties equivariantly embedded in projective space. In spirit it is also a 
continuation of our previous work [9] on embedded normalization and embedded toric resolution 
of singularities of affine toric varieties. We can then define blowing-ups of sheaves of monomial 
ideals as toric varieties, and describe the corresponding operations on semigroups. We also 
provide the combinatorial description of torus-invariant Cartier divisors on a toric variety and 
the general versions of the classical criteria for ampleness and very-ampleness. 

In the second part we recall first the definition and basic properties of the Semple-Nash modi- 
CTN . fication. This is a canonical modification of a reduced equidimensional space which replaces each 

point by the set of limit positions of tangent spaces at nearby non singular points. Apparently, 
Semple in [5T| first asked if the iteration of the Semple-Nash modification eventually resolves 
the singularities of an algebraic variety defined over a field of characteristic zero. Spivakovsky 
proved that iterating the operation consisting of the Semple-Nash modification followed by nor- 
malization one eventually resolves singularities of surfaces over an algebraically closed field of 
characteristic zero (|22j). 

One can present the relation of this conjectural resolution process with " classical" resolution 
of singularities as follows: two types of proper birational correspondances naturally associate 
a singular variety to a non singular one: proper birational projections of an embedded non- 
singular algebraic variety to a smaller dimensional ambient space, and the taking of the envelope 
of a family of linear subspaces (of an affine or projective space) whose parameter space is a non 
singular algebraic variety. Hironaka's resolution shows that in characteristic zero all singularities 
may be created by the first process, and Semple-Nash resolution in general would show that at 
least all singularities of projective varieties in characteristic zero may be created by iterating 
the second process, if we allow singular spaces as parameter spaces. 

In the general toric case, which we have introduced here, the Semple-Nash modification 
admits a description in combinatorial terms. If the base field is algebraically closed and of 
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characteristic zero, the Semple-Nash modification of a toric variety is isomorphic to the blowing- 
up of the sheaf of logarithmic jacobian ideals. This property was observed in the normal toric 
case by Gonzalez-Sprinberg, who gave a combinatorial proof of the resolution of singularities 
of normal toric surfaces by the iteration of blowing ups of logarithmic jacobian ideals followed 
by normalization (|10|h In the recent preprint [T] computer algebra systems have been used 
to check that the iteration of this modification on many examples of normal toric varieties of 
dimensions three and four, provides resolution of singularities. 

We hope that the results of this paper contribute to the solution of Semple's problem in the 
toric case. 

Acknowledgements. We are grateful to Monique Lejeune-Jalabert for introducing us to the 
reference [21] , to Ezra Miller for bringing to our attention the work of H.M. Thompson, to 
Michael Thaddeus for detecting errors in parts of previous versions of this work (those parts 
have been excluded from the present version), and to the Institut Mathematique de Jussieu and 
the Dpto. Algebra, Universidad Complutense de Madrid for their hospitality. 

Part I: Toric varieties 

The purpose of this part is to develop the combinatorial theory of toric varieties without the 
assumption of normality. We refer to [4] , [7] , [16] , [19] , and [20j for background on normal toric 
varieties, and to the books of Oda-Miyake ([19]), Gel'fand, Kapranov, and Zelevinsky ([8 ) and 
Sturmfels ([23]) for certain classes of non necessarily normal toric varieties. We also point to 
previous work by H.M. Thompson towards the development of a general theory of toric varieties, 
see [27], [28] and, from the perspective of Log Schemes, [29]. We recommend [6] as a particularly 
accessible introduction to (normal) toric varieties, and mention the forthcoming book of D. Cox, 
J. Little and H. Schenk on the subject. 

1. Semigroups and semigroup algebras 

The theory of affine toric varieties over a field k is the geometric version of the theory 
of semigroup algebras over k. For part of the theory, one can omit the assumption that 
the semigroup is finitely generated, and replace the field k by a commutative ring. 

Definition 1.1. A (commutative) semigroup T is a set equipped with an operation 
+ : T x T — > T such that t\ + €2 = £2 + e\, which satisfies the associativity property and 
is cancellative (ei + €2 = e\ + £3 implies €2 = £3). We shall assume that T contains a 
zero element such that e + = e and that no multiple of an element of T is zero. A 
system of generators of a semigroup is a subset (73) of T such that each element of T is 
a (finite) linear combination of the 7, with non negative integral coefficients. We denote 
by Zr the group generated by T (defined in a similar way as the field of fractions of 
an integral domain). The elements of ZT are finite linear combinations of the ji with 
integral coefficients. If the semigroup T is finitely generated, the group ZT is a lattice. 

Examples of semigroups: 

• Given finitely many coprime integers the set of all combinations of these integers with 
non negative integral coefficients is a subsemigroup T of the semigroup N of integers, 
and N \ r is finite. In fact any semigroup of integers is finitely generated. 

• Let (sj)j>i be a sequence of integers such that s-i > 2 for i > 2. Define a sequence of 
rational numbers 7$ inductively by: 

1 1 

7i = — , Ji+i = sm H • 

Sl Sl . . . Sj+l 

The set of integral linear combinations of the 7, is a subsemigroup of Q>o, which is not 
finitely generated. In fact the ji form a minimal set of generators. 
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• Let d be an integer and let a (the reason for the dual notation will appear below) be 
a convex cone of dimension d in R rf . Denote by M the integral lattice of Pc. Then the 
intersection a n M is a subsemigroup of the group M, which generates M as a group. 
By a Theorem of Gordan, if the convex cone a is rational in the sense that it is the inter- 
section of finitely many half spaces determined by hyperplanes with integral coefficients, 
then the semigroup a n M is finitely generated. 

Definition 1.2. If A is a subsemigroup of A the saturation of A in A is the semigroup 
consisting of those elements of A which have a multiple in A. The semigroup A is 
saturated in A if A = 0. 

Lemma 1.3. Let f be a rational convex cone in R d for the lattice M. The semigroup 
f n M is saturated in M and the saturation of a subsemigroup T of M is a n M where 
a = R>or is the closed convex cone generated by T. 

Proof.: The first statement is clear. If R>or = a, any element of a H M is a 
combination with rational coefficients of elements of T. Chasing denominators shows 
that an integral multiple of this element is in P The converse is clear. □ 

Definition 1.4. Let T be a finitely generated commutative semigroup and A a commu- 
tative ring. The semigroup algebra A[t r ] of T with coefficients in A is the ring consisting 
of finite sums ^ 7 a 7 t 7 with a 7 £ A, endowed with the multiplication law 

7 S C !+$=( 

Proposition 1.5. IfT is a finitely generated subsemigroup of the lattice M C R ' such 
that ZT = M and a = R>or is the rational convex cone generated by V , the integral 
closure of k[t r ] in its field of fractions is k[t anM ]. 

This follows directly from Lemma 11.31 

Remark 1.6. Quite generally, if k is a field the Krull dimension of k[t r ] is equal to the 
rational rank of the semigroup T, which is the integer diniQrtgizQ (see [26J, Proposition 
3.1). 

Remark 1.7. If T is a semigroup the ideal of A[t r ] generated by the (t 7 ) 7 er\{o} i s non 
trivial if and only if the cone R>or is strictly convex. If A; is a field, it is then a maximal 
ideal. We shall mostly be interested in the local study of the spectrum of semigroup 
algebras in the vicinity of the origin of coordinates, which corresponds precisely to that 
ideal. 

The semigroup algebra has the following universal property: any semigroup map from 
r to the multiplicative semigroup of an yl-algebra B extends uniquely to an homomor- 
phism A[t r ] — > B of yl-algebras. 

An additive map of semigroups eft: T — > P* induces a graded map of ^4-algebras 
A[4>] : A[t r ] — > A[t r ] which is injective (resp. surjective) if is. If the semigroup T 
is torsion-free, the semigroup algebra ^4[t r ] injects into ^4[i zd ] = A[tf 1 , . . . , t^ 1 ] and 
therefore is an integral domain if A is. 

Proposition 1.8. LetT,T' be two semigroups. The map of A- algebras 
A[t rxT '] -> A[u r ] ® A A[v r '}; t^'^ ' y u 7 ® A v^' 

is an isomorphism. 



Proof. This follows immediately from the universal property. 



□ 
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2. Algebraic tori 

Let k be a field. The multiplicative group k* of non zero elements of k is equipped 
with the structure of algebraic group over k, usually denoted by G m := Spec/c[i ±:L ]. A 
d-dimensional algebraic torus over k is an algebraic group isomorphic to a (k*) d . 

If M is a rank d lattice then T M := Speck[t M ] is an algebraic torus over k. If we fix 
a basis mi , . . . , of the lattice M we get a group isomorphism 

Z d -> M, a = (ai, . . . ,a d ) >->• ^ cijmj 

i=l,...d 

and isomorphism of fc-algebras k[tf l , . . . , t^ 1 ] — > k[t M ] which induces an isomorphism 
T M {k)^{k*) d . 

Remark 2.1. More generally one can consider the scheme SpecA[t M ], which is an alge- 
braic torus over Spec^4 for any commutative ring A. 

A character of the torus T(k) is a group homomorphism T(k) — s- k*. The set of 
characters Horn alg.groups(^ M ) k*) of T M (k) is a multiplicative group isomorphic to the 
lattice M by the homomorphism given by m i— > t m for m G M. We identify the 
monomials t m of the semigroup algebra k[t M ] with the characters of the torus. 

By the universal property of the semigroup algebras applied to k[t M ] we have a 
representation of /^-rational points of T M as group homomorphisms: 

T M (k) = Hom groups (M, k*) = N®zk\ 

where N := Horn (M, Z) is the dual lattice of M. We denote by ( , } : N x M ->• Z the 
duality pairing between the lattices iV and M. 

A one parameter subgroup of T M (k) is group homomorphism k* — > T M (k). Any 
vector z^ G A gives rise to a one parameter subgroup Aj, which maps z £ F to the 
closed point of T M (k) given by the homomorphism of semigroups M — > k* , m i— > z^ u ' m K 
The set of one parameter subgroups Horn a ig.groups(^*> T M ) forms a multiplicative group, 
which is isomorphic to by the homomorphism given by v i— > A^. 

3. Affine toric varieties 

In this section we consider a finitely generated subsemigroup T of a free abelian group 
M of rank d. We assume in addition that the group Zr generated by V is equal to M. 
We denote by N the dual lattice of M. We introduce some useful notations. 

Notation 3.1. We denote by Mr the ti-dimensional real vector space M (g>z R. The 
semigroup T, viewed in Mr, spans the cone R>or C Mr which we denote also by a. 
The dual cone of a is the cone a := [v G Ar | (v, 7} > 0, V7 € a}. We use the notation 
t < a to indicate that r is a face of a. Any face of a is of the form aflr 1 for a unique 
face r of cr, where r -1 is the linear subspace {7 € Mr | (u, 7} = 0, Vz/ G r}. 

Let 71, . . . , 7 r be generators of T. Then the semigroup T is the image of N r C Z r by 
the surjective linear map b: Z r — > M determined by 6(e,) = 7^ where the e^, 1 < i < r 
form the canonical basis of N r . The kernel £ of 6 is isomorphic to T/~ d . 

Let us consider the map of semigroup algebras associated to the map 6|N r : N r — s- Z d , 
whose image is V. It is a map of A-algebras >l[f7i, . . . , U r ] — > Aft^ 1 , . . . , t^ 1 ]. Its image 
is the subalgebra A[t r ] of A[tf 1 , . . . , i^ 1 ]. 

An element m G Z r can be written uniquely m = m + — m_ where m + and m_ have 
non negative entries and disjoint support. 

By construction, the kernel of the surjection -A[£/i, . . . , U r ] — > A[t r ] is the ideal gen- 
erated by the binomials (U m+ — U rn -) where b(m + ) = 6(m_). It is the toric ideal 
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associated to the map b. Note that it is not in general generated by the binomials 
associated to a basis of C. Since the algebra A[t T ] is an integral domain if A is, the 
toric ideal is a prime ideal in that case. 

Conversely, assuming now that A is an algebraically closed field k, an ideal generated 
by binomials in k[U\, . . . ,U r ] is called a binomial ideal. Those ideals are studied in 
[5], where it is shown that a prime binomial ideal I C k[Ui, . . . ,U r ] gives rise to a 
semigroup algebra k[Ui, . . . , U r )/I ~ k[t r ], where T = N r /^, and ~ is an equivalence 
relation associated to the binomial relations. The affine toric variety T r := Spec k[t r ] 
is the subvariety of the affine space A r (k) defined by the binomial equations generating 
the toric ideal. By the universal property of the semigroup algebra, there is a bijection 

{Closed points of Spec &[t r ]} {semigroup homomorphisms T — > k}, 

where k is considered as semigroup with respect to multiplication. 

In particular, the torus T M (k) = Hom groups (M, k*) is embedded in T r , as the prin- 
cipal open set where t 71 • • • V r ^ 0. 

Prom the description of closed points of T r in terms of homomorphisms of semigroups 
we have an action of the torus T M {k) on T r (k). Another way to describe this action, 
which shows that it is algebraic, is to say that thanks to the universal property of 
semigroup algebras it corresponds to the composed map of /c-algebras 

k[f] k[t r ] ® k k[t r ] -> k[t M ] ® fc k[t r ] 

where the first map is determined by t 7 i— > V ®\. t 1 and the second by the inclusion 
r C M. The corresponding map T M x T r — > T r is the action. 

Let us now seek the invariant subsets of T r under the torus action. 

Definition 3.2. Given a semigroup T, a subsemigroup F C T is a face of F if whenever 
x, y G r satisfy x + y G F, then x and y are in F. 

Let us remark that this condition is equivalent to the fact that the vector space of 
finite sums ^<5gr\F is i n f ac t a prime ideal Ip of fc[t r ]. It also implies that r \ F is 
a subsemigroup of V (which in general is not finitely generated) and that the Minkowski 
sum r + (r \ F) is contained in T \ F. 

Lemma 3.3. The faces of the semigroup T are of the form F n t 1 - , for r < a. 

Proof. Let F be a face of the semigroup T. Then there is a face aflr 1 of a which 
contains F and is of minimal dimension. Then F is also a face of the semigroup rrir 1 
and there is an element 70 £ F which belongs to the relative interior of the cone ffflr 1 . 
Under these conditions is enough to prove that if r = then F = V. 

Notice that if 7 € T and if (7 + T) n Z>o7o 7^ then 7 G F since F is a face and 
70 G F. By Theorem 1.9 [E] there is 5 G T n int(a) such that 5 + a n M C T. We 
deduce that the intersection (7 + 5q + n M) n Z>o7o is non-empty, for any 7 G T, since 
70 G int(a) fl V. □ 

Notation 3.4. If r < a the set rnr 1 is a subsemigroup of finite type of T. If r < a 
the lattice M(t, T) spanned by T n r -1 " is a sublattice of finite index of M(r) := M Ht^. 

Remark 3.5. The torus of the affine toric variety T rnT± is T M ( T,r \ If ^4 is a commutative 
ring, the homomorphism of A-algebras A[T] — > A[T n r -1 "] = 74[r]// rnT x, is surjective 
and defines a closed embedding 
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over SpecA If k = A the image by the embedding i T of a closed point u G T rnr (k) 
(or u G T M ( T ' r \k)) is the semigroup homomorphism i T (u) :F —> k given by 

7 ^ J "(7) if-y e r\ 

\ otherwise. 

Proposition 3.6. The map 

t H> orb(r,r) := i T (T M ^) ( resp. r ^ i T (T r<lT± ) ) 

defines a bijection (resp. inclusion-reversing bijection) between the faces of a and the 
orbits (resp. the closures of the orbits) of the torus action on T r . 

Proof. Let u : F — > k be a semigroup homomorphism. Then u (k*) is a face of F, 
hence of the form F R t 1 - for some face r of a. Any such it extends in a unique manner 
to a group homomorphism M(r, T) — > k* defining an element of the torus T Af ( r > r ) of the 
affine toric variety T rciT± . Conversely, given a group homomorphism u: M(t,F) — > k* 
we define a semigroup homomorphism i T (u) : F — > k as indicated above. 

It follows that the orbit of the point defined by u by the action of T M coincides with 
the image by i T of the orbit T M ( r > r ) of the point U| rnr ± : F n t 1 - — > k* on the toric 

variety T rnT± . The rest of the assertion follows from Remark 13.51 □ 
The partition induced by the orbits of the torus action on T r is of the form: 

(1) T r = □orb(r,r). 

r<a 

Proposition 3.7. If X is an affine toric variety with torus T M then X is T M -equivariantly 
isomorphic to T T ' , where F C M a semigroup of finite type such that ZT = M. 

Proof. This is well-known (see Proposition 2.4, Chapter 5 of [8]). □ 
We characterize the affine T M -invariant open subsets of T r . 

Definition 3.8. For any face r of a the set 

(2) r r :=r + M(r,r) 

is a semigroup of finite type generating the lattice M. 

Notice that the cone R>or r is equal to f and if r < cr the set int(<r (1 r 1 ) n T is non 
empty (int denotes relative interior). 

Lemma 3.9. 

i. The minimal face of the semigroup F is a sublattice of M equal to F n a 1 - . 

ii. For any m G F in the relative interior of (a Pi r -1 -) we have that 

F T = r + Z> (-m). 

iii. If t < 6 < a we have that M(r,Fg) = M(t,F t ) and F T = F e + M(t,T$). 

Proof, i. By Lemma 13.31 the correspondence t i-> T (1 r 1 is a bijection between the 
faces of the cone a and the faces of the semigroup F. By duality the minimal face of F 
is equal to F H a 1 - . It is enough to prove that if F is a semigroup such that ZT = M 
and R>or = Mr then F = M. Since M is the saturation of F the assertion reduces to 
the case of rank one semigroups, for which it is elementary by Bezout identity. 

ii. If m G int(<7 fl t^) n F then the semigroup F + Z>o(— m) C M spans the cone f = 
a + T 1 - C -Mr. By i. the minimal face of this semigroup is the lattice (I + Z>o(-m))nr 1 
which coincides by definition with the lattice M(t,F). 

iii. The lattices M(r, Fg) and M(t, F) are both generated by T n r 1 hence are equal. 
We have that F T = F e + M(r, Fg) since 6 L C t l . □ 
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Lemma 3.10. Ifr < a the inclusion of semigroups T C T T determines a T -equivariant 
embedding T Fr C T r as an affine open set. Conversely, if X C T r is a T M -equivariant 
embedding of an affine open set then there is a unique r < a such that X is T M - 
equivariantly isomorphic to T Tt . 

Proof. By Lemma 13.91 we have that T T = T + Z>o(— m). More generally if 7 6 V and 
/ = i 7 , the localization Tj = Spec k[T]f is equal to T r+ ( _7 ) z ^° and it is embedded in 
principal open set. 

Conversely, an affine T M -invariant open subset of T r is an affine toric variety for the 
torus T M hence it is of the form T A , for A C M a subsemigroup of finite type, such that 
ZA = M (see Proposition 13. 7p . We denote the cone R>oA by 9. Since the embedding 
rpA rpT j g rpM e q U i V ariant it is defined by the inclusion of algebras £;[t r ] — > fc[i A ] 
corresponding to the inclusion of semigroups T C A. We deduce that a C 9 and hence 
that 9 C a by duality. We prove that if r is the smallest face of a which contains 9 then 
A = T r . It is enough to prove that if int(#) fl int(cr) 7^ then A = T. 

Notice that the lattice F = a 1 - n M is the minimal face of V and the prime ideal If 
of k[t T ] defines the orbit orb(<r, T), which is embedded as a closed subset of T r . Let us 
consider a vector v such that v £ int(#) flint (a). Then we get that a^DM = adu^DM 
is contained in 9 n v 1 - n M = 9 L n M hence T \ (a L n M) is contained in A \ n Af ) and 
therefore 1 ^ Since T A C T r is an open immersion orb(cr, T) is contained in 

T A . By (pQ) and Proposition 13.61 the closure of any orbit contained T r contains orb(<7, V) 
thus T r CT A . □ 

Remark 3.11. The immersion of T M -invariant affine open subsets is compatible with 
normalization. By Lemma 13.101 any T M -invariant affine open set of T r is of the form 
X^ for / = i 7 , 7 € r. Then the following diagram commutes: 

rpatlM ^ j^r 

t t 
J / ^ i /' 

since T + (— 7)Z>o is saturated in a Pi M + (— 7)Z>o- The vertical arrows are embed- 
dings as principal open sets while the horizontal arrows are normalization maps (see 
Proposition 11.51) . 

4. TORIC VARIETIES 

Recall that a fan is a finite set E of strictly convex polyhedral cones rational for the 
a lattice N, such that if a € S any face r of a belongs to S and if cr, a' £ S the cone 
r = crncr' is in S. If j > is an integer the subset of S(j) of j-dimensional cones of S is 
called the j-skeleton of the fan. The support of the fan S is the set |S| = Uo-gscr C A^r. 

We give first a combinatorial definition of toric varieties. 

Definition 4.1. A toric variety is given by the datum of a triple (N, E, T) consisting of 
lattice N, a fan E in Ar, and a family of finitely generated subsemigroups T = {T a C 
a f| M} CTeS of a lattice M = Hom(A^, Z) such that: 

i. Zr CT = M and RxT = o", for a € E. 

ii. T T = r CT + M(r, r CT ), for a each a € E and any face r of a. 

The corresponding toric variety T£ is the union of the affine varieties T r<T for a G E 
where for any pair a, cr' in E we glue up T r<T and T 1 ^' along their common open affine 
variety T^rw. 

Remark 4.2. The lattice A/" in the triple (N, E,r) is determined by T. We recall it by 
convenience. We omit the reference to the lattice Af in the notation T£. 
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Remark 4.3. This definition is consistent with the case of affine toric varieties. Let 

T r be an affine toric variety in the sense of Section [3l If a' := {r | r < a} and 

r" := {r T \ r < a}, where T T is the semigroup defined by (|2|) for r < a then the 

conditions i. and ii. are satisfied by Lemma 13.91 Then T r is T M -invariantly isomorphic 
to- TP/. 

Remark 4.4. A triple (N, £,r) determines similarly a toric scheme over Spec^4, for any 
commutative ring A. 

Lemma 4.5. Let as in Definition ^. 1\ define a toric variety T£. Then we have: 

i. If a, 9 E £ and if t = a (10 then T T = T a + Tq. 

ii. T/ie variety T£ is separated. 

Proof. The intersection r = <r PI is a face of both a and 9. By Lemma 13.91 we 
have that M(t,F t ) = M(r,T (T ) = M(r,F e ). By axiom i. in the Definition O we get 
Fg,F a C T r and Fq + F a C T T . Conversely, by the separation lemma for polyhedral 
cones, for any u E int(<7 fl (—0)) we have that t = a C\ u L = 9 C\ u^. Notice that we 
can assume that u E r CT n (— Fg) fl int(<r fl (—9)) ^ 0- Then by Lemma [3791 we obtain 
r r = F a + Z>o(— u). Hence T T is contained in F a + Tq since — u € IV 

The homomorphism k[t re ] (g>kk[t T,T ] — > k[t rT ] which sends i 7 (8>t 7 h- > t 1+1 is surjective 
since T a + Fq = F T . In geometric terms this implies that the diagonal map T Vt — >• 
T r ® x T Ta is a closed embedding for any 9, a E S with r = flnr, hence the variety 
is separated (see Chapter 2 of [13]). □ 

Remark 4.6. The morphisms corresponding to the inclusions £;[i r<T ] — > k[t r,T+r ^'] are 
open embeddings compatible with the normalization maps. The normalization of the 
toric variety T£ is the toric variety Ts corresponding to the fan S and the normalization 
map is obtained by gluing- up normalizations T a := T anM of the charts T r<T , for E T 
and itEE, 

Lemma 4.7. Xei A„ be a one-parameter subgroup of the torus T M for some v E N. 
Then lim z _s.o ^v(z) exists in the toric variety T£ if and only if v belongs to |S| fl N . 

Proof. The statement is well-known in the normal case (see Proposition 1.6 |20j). 
The normalization map n: Ty, — > T^ is an isomorphism over the torus T M . If A„ : k* —> 
T C T£ is a one-parameter subgroup defined by v E N it lifts to the normalization, 
i.e., there is a morphism : k* — >■ T M C Ty, in such a way that n o \ v = \ v . Since the 
normalization is a proper morphism we get by the valuative criterion of properness that 
lim z _>o ^v( z ) exists in the toric variety T£ if and only if lim^o X v (z) exists in T%. □ 

Lemma 4.8. Let be a toric variety. Then the map 

r ^orb(r,r T ) := i T {T M ^ T ^) 

defines a bijection between the faces of £ and the orbits of the torus action on T£ . 

Proof. This is consequence of the definitions and Lemma 13.61 □ 
In order to illustrate the combinatorial definition of a toric variety we describe the 
orbit closures as toric varieties. 

Notation 4.9. If r E £ we denote by N T the sublattice of N spanned by r n N and by 
N(t) the quotient N/N T . The lattice N(t) is the dual lattice of M(r) = Mflr- 1 . Since 
M(r, r r ) is a sublattice of finite index i(r,F T ) of M(r) then the dual lattice N(t, F t ) 
of M(t,F t ) contains N(t) as a sublattice of finite index equal to i(r,F T ). 
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If a G £ and r < a the image <t(t) of <r in A^(t)r, = Nn/(N T )n is a polyhedral 
cone, rational for the lattice N(t,T t ). The set S(r) := {o"(t) | <r G S, r < u} is a 
fan in ./V(t)r. If <t(t) G S(t) we set r CT ( T ) := r CT n r . The set <t(t) C A^(t)r is the 
dual cone of the cone spanned by T a n r -1 in M(t)r. Let us denote by T(r) the set 
{r CT(T) | a(r) G E(r)}. 

Lemma 4.10. Let be a toric variety. If r G £ f/ie triple (N(t,T t ),H(t),T(t)) 
defines a toric variety Iw^j- Ttowe a closed embedding i T : T^j?) — > X£. T/ie map 

defines a bisection between the faces of £ and oroii closures of the action of T M on X£ . 

Proof. If r is not a face of a, for <r G £ then orb(r, T T ) is does not intersect the affine 
invariant open set T T(T \ if r < a, for a G £ the closure of the orbit orb(r, IV) in the 
affine open set T r,T is equal to T r<TnT± (see Lemma |3.6() . 

If r < < a then 0(r) < a{r) and 6* 1 - C r 1 - hence M(0,T a ) = M(6»(r),r CT n t l ) is 
the sublattice spanned by n 9 ± . 

If t < o", a' and if = a n c' then we deduce from condition ii. in Definition 14.11 that: 

r e n t x = v a n r x + M (0(r), r ff(T) ) = r> nrH m(0(t), r> (r) ). 

We obtain that the triple (N(t,T t ),T,(t),T(t)) satisfies the axioms in Definition 14.11 
with respect to the torus T M ( T ' rT \ 

We have also described an embedding Jjvyj ^ Xg ™ sucn a wav that the intersection 
of this variety with any affine chart containing orb(r, T) is the closure of the orbit 
orb(r, r) in the chart. The conclusion follows from Lemma 14.81 □ 

Remark 4.11. The non singular locus of the toric variety X£ is the union of the orbits 
orb(r, r) corresponding to regular cones r G £ such their index i(r, T T ) is equal to 1. 

5. Blowing ups 

The theory of normal toric varieties deals with normalized equi variant blowing ups, 
i.e., blowing ups of equivariant ideals followed by normalization. In this section we build 
blowing ups of equivariant ideals in toric varieties. 

Let a be a strictly convex rational cone in Nn and T a subsemigroup of finite type 
of the lattice M such that ZT = M and the saturation of T in M is equal to a n M. 
For simplicity we assume that the cone a is of dimension d hence a is strictly convex. 

Let us consider a graded ideal X in A[i r ], which is necessarily generated by monomials 
t mi , . . . , t mk . We build the corresponding Newton polyhedron M a (X) , by definition the 
convex hull in Mr of the m.j + <r, which is also the convex hull of the set |X| of exponents 
of monomials belonging to the ideal X of ^4[i r ]. It is quite convenient to denote with 
the same letter X the set {mi, . . . m^}. 

The set X determines the order function: 

(3) ordj: cr— )• R, v \— > min(i/, m). 

The order function ordx coincides with the support function of the polyhedron J\f a (X). 
It is a gauge (ordi(Au) = Aordj(u) for A > 0) which is piecewise linear. The maximal 
cones of linearity of the function ordx form the d-skeleton of the fan £(X) subdividing 
a. Each such cone a% in the d-skeleton of £(X) is the convex dual of the convex rational 
cone generated by the vectors (m — mj) me A/ CT (i)> where m« is a vertex of ftf a (I). The 
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correspondence mj i— > &j is a bijection between the set of vertices {mi, . . . , m s } C I of 
the polyhedron ftf a (I) and the (i-skeleton of such that 

rrij i — y o~j if and only if ordx(V) = (v, mj) for all v G (Tj. 

Note that rCffflMCffiflM. In each of the cones dj we consider the semigroup 

(4) Tj = T + (mi - mj, . . . , m;_i - mj, m m - mj, . . . , m k - m) C Gj n M. 

By Lemma [L3l the saturation in M of this semigroup is equal to dj fl M. We denote 
by V{X) the set consisting of the semigroups Tj, together with Tj tT (defined by equation 
d2J)) for t < crj, i = 1, . . . , s. 

Proposition 5.1. The triple (N,T,(I),T(I)) defines a toric scheme B over Spec A. 
The inclusions Y C Fj, i = 1, . . . , s, determine a map of schemes 

tt: B -> Spec A[t r ] 

over Spec vl, which is the blowing up of the ideal I. 

Proof. We prove first that the triple (N, S(X), T{T)) verifies the compatibility condi- 
tions stated in Definition 14. 11 By Lemma 13.91 it is enough to check them for the affine 
open sets corresponding to two vertices, say m\ and m^, of Then, if r = o\ fl 02 

the condition we have to prove is that ri jT = T2, r - 

Notice that the vector m := m2 — mi G Ti belongs to the interior of b\ fl r -1 . By 
Lemma 13.91 and the definitions we get Ti tT = Tx + Z>o(— m) and similarly T2, T = 
T2 + Z>om. Then the assertion follows since I?i r , which is equal to 

r + Z(m 2 - mi) + Z> (mj - mi) = T + Z(mi - m 2 ) + Z> (mj - m 2 ), 

j=2,...,k j=2,...,h 

is the same semigroup as r2 )T - 

It follows that the scheme B is covered by the affine sets Spec A[t r '] for i = 1, . . . , s. 
Since each Tj contains T, there is a natural map tt: Spec ^4[t Fi ] — > Spec ^4[i r ]. The 
sheaf of ideals on B determined by the compositions with n of the generators of T is 
generated by t m ' o tt in the chart SpecA[t r *]. 

It is not difficult to prove that any semigroup Tj defined by (j4j), for % > s, that is 
when mj is not a vertex of Af a (I) , is of the form Tj jT for some 1 < j < s and r < o~j. 
This means that the corresponding affine chart Spec A[t ri ] of the blowing up of T is in 
fact an affine open subset of Spec ^4[t rj ], where mj is a vertex of M a {T). □ 

Corollary 5.2. The blowing-up of an equivariant sheaf of ideals on a toric variety T£ 
is a toric variety. Its description above each equivariant open affine chart ofT^. is given 
by Proposition I5.il 

6. Toric morphisms 

Recall that a morphism 0: T M> — > T M of algebraic tori gives rise to two group 
homomorphisms 

<j>* : M -+ M' and fa : N' -»■ N 
between the corresponding lattices of characters and between the corresponding lat- 
tices of one-parameter subgroups. The homomorphisms (j)* and (j)* are mutually dual 
and determine the morphism (f>: T M — > T of algebraic tori. Note that 4> is defined 
algebraically by 

k[t M ] -> k[t M '], t m 1 — y ^*( m ), m G M. 
Now suppose that we have two toric varieties T£ and T^', with respective tori T M and 
T M ' defined by the combinatorial data given by the triples (N, and (N' ,T,' ,V) 
(see Definition 14. ip . 
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Definition 6.1. The homomorphism (ft* is a map of fans with attached semigroups 
(N, E, r) -> (N 1 , E', r') if for any a' G E' there exists a G E such that ^(IV) C 1^,. 

Note then that 0* is a map of fans, that is, for any a' G E' there is a cone <r € E such 
that image by a 1 by the R-linear extension of 0# is contained in <r. See Section 1.5 |20j . 

Proposition 6.2. Lei </>: T M ' — > T M 6e a morphism of algebraic tori. If (ft* defines 
a map of fans with attached semigroups (iV, E,T) — > (iV 7 , E' ,r') i/ien it gives rise to a 
morphism: (ft: T£,' — > 2~£ which extends (ft: T M> — > T M and is equivariant with respect 
to (ft. Conversely, if f : TS, — > T£ is an equivariant morphism with respect to (ft then (ft* 
defines a map of fans with attached semigroups (iV,E',r") — > (N, E, T) and f = (ft. In 
addition we have a commutative diagram 

Tz> — > Ts 
I I 

where the vertical arrows are normalizations and the horizontal ones are the toric mor- 
phisms which extend (ft : T M — > T M . 

Proof. For any a' G E' there exists a cone a G E such that the restriction of (ft* 
determines a semigroup homomorphism T a — > V ,. The corresponding homomorphism 
of £;-algebras k\T a ] — > k\T' ,] defines a morphism: 

4> c ',a '■ T V "' T Fa given on closed points by </v )(T (x) = x o </>* r<j , 

p/ — 
where x G T <?';x: T a , — > k is a homomorphism of semigroups. The morphism (ft a ',a is 

equivariant through (ft since for any y G T M ' , y: M 1 — > fc* group homomorphism and 

TV 

any i £ T we get: 

(fta'Av ■ x) = (y ■ x) o ^ = (y o 0*) • (x o </>f r J = (ft(y) ■ <j> a t )(T (x). 

By gluing-up the affine pieces together we get a morphism (ft: T^, — > T£ which is 
equivariant with respect to (ft. 

For the converse, since / is assumed to be equivariant through (ft the image by / of 
each orbit of the action of T M on Tp, is contained in one orbit of the action of T M 
on T£. If t' < a' and a' G E' then the orbit orb(cr',r',) is contained in the closure of 
orb(r',r^,) by Proposition 13.61 Then there exist a, r G E such that 

/(orb^r;,)) C orb(a,r (J ) and /(orb(r', T' T ,)) C orb(r,r T ). 

Since / is continuous orb(cr, T a ) must be contained in the closure of orb(r, r T ), hence r 
is a face of a by Proposition 13.61 and Lemma 13.51 By ([I]) it follows that f(T T <?') C T r<T . 
The restriction /^ r ', : T T <?' — > T Ta is equivariant with respect to (ft : T M ' — > T M . 

Hence / r / : T — > T 17 is defined algebraically by the homomorphism of fc-algebras 

\T a 1 

k[t r,y ] — > k[t r °'], which is obtained by restriction from the homomorphism of fc-algebras 
k[t M ] -»• k[t M '] which maps t m i-» f^*( m ) for m G M. This implies that (ft*(T a ) C T' a , 
and also that f = (ft. 

Since (ft* is a map of fans it defines a toric morphism between the normalizations of 
Tjy and T£. Finally, it is easy to check that the diagram above is commutative. □ 

It is sometimes useful to consider morphisms of toric varieties which send the torus 
of the source into a non dense orbit of the target: Let {N, E, Y) and (N 1 , E', V') be two 
triples defining toric varieties T£ and T£, . Let r be a cone of E. Suppose that we have 
a morphism of algebraic tori (ft : T M ' — > T ,a h t > i V) such that (ft* : N' — > N(t,T t ) defines 
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a map of fans with attached semigroups (N',T,',T') — > (N(t,T t ),T,(t),F(t)). Then by 
Proposition 16,21 and Lemma 13,51 we have a toric morphism 

Let us denote by n : Ty, — > the normalization map and by i T : TW T ) ~~ > Tz the closed 
embedding of the closure of orb(7~) in T^. The following Proposition is consequence of 
Proposition 16,21 and Lemma 13,51 

Proposition 6.3. The composite of (p with the closed embedding i T : T£ lifts 

to the normalization o/T£, i.e., there exists a toric morphism ifi : T^, — > TW r ) such 
that i T o(f) = nai T oi[) if and only if there is a lattice homomorphism (p* : M(r) — > M' 
such that P| M | rr ^ = <j)* and then ij) = (p. 

Example 6.4. By Proposition 16,31 the map u t— >• (u, 0,0), which parametrizes the sin- 
gular locus of the Whitney umbrella {x\x2 — x\ = 0} does not lift to the normalization 
while u h-> (u 2 ,0, 0) does. 

7. Abstract toric varieties 

We recall the usual definition of toric variety. 

Definition 7.1. A toric variety X is an irreducible (separated) algebraic variety equi- 
pped with an action of an algebraic torus T embedded in X as a Zariski open set such 
that the action of T on X is morphism which extends the action of T over itself by 
multiplication. 

As stated in Proposition 13.71 any affine toric variety is the spectrum of certain semi- 
group algebra. Gel'fand, Kapranov, and Zelevinsky have defined and studied those pro- 
jective toric varieties which are equivariantly embedded in the projective space, which 
is viewed as a toric variety, see [8], Chapter 5. 

The following Theorem, which is consequence of a more general result of Sumihiro, 
provides the key to establish a combinatorial description of normal toric varieties. 

Theorem 7.2. (see [24\) Any normal toric variety X has a finite covering by T- 
invariant affine normal toric varieties. 

The statement of Theorem 17.21 does not hold if the normality assumption is dropped. 

Example 7.3. Let C C be the projective nodal cubic with equation y 2 z — x 2 {x + z). 
It is a rational curve with a node singularity at P = (0 : : 1) and only one point 
Q = (0 : 1 : 0) at the line of infinity z = 0. The curve C is rational and has a 
parametrization n : Pq — > C such that 7r(0) = 7r(oo) = P and 7r(l) = Q. Then we 
have that 7T|c* : C* — > C \ {P} is an isomorphism. The multiplicative action of C* on 
Pj-, corresponds by tt to the group law action on the cubic hence it is algebraic. It 
follows that C is a toric variety with respect to Definition I7.ll Notice that C is the 
only open set containing P which is invariant by the action of C*. This example is 
also a projective toric curve which does not admit any equivariant embedding in the 
projective space (see [19] page 4 and [8] Chapter 5, Remark 1.6). 

We modify the abstract definition of toric varieties as follows: 

Definition 7.4. A toric variety X is an irreducible separated algebraic variety equi- 
pped with an action of an algebraic torus T embedded in A as a Zariski open set such 
that the action of T on X is morphism which extends the action of T over itself by 
multiplication and X has a finite covering by affine T-invariant Zariski open sets. 
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Theorem 7.5. If X is a toric variety in the sense of Definition \ 7.4] with torus T, then 
there exists a triple (N, E, F) as in Definition ^. 1\ and an isomorphism ip : T — > T M such 
that the pair (T,X) is equivariantly isomorphic to (T M ,T^) with respect to ip. 

Proof. We denote by M the lattice of characters of the torus T hence T = T and 
N is the dual lattice of M. 

By Proposition 13.71 an affine T M -invariant open subset is of the form T r<T where T a 
is a subsemigroup of finite type of M such that Zr CT = M, and a C ATr is the dual cone 
of a = R>or CT C Mr. By Lemma 13.101 the open affine T M -invariant subsets of T r<T are 
T r -, for t <a, where T T = T a + M(r, IV). 

By definition X is covered by a finite number of T M -invariant affine open subsets of 
the form {T r<T } crg s- We can assume that if a £ E and if r < a then r £ E. We are 
going to show that E is a fan in A^r, hence T r<T 7^ T 1 ^' if a 7^ a'. 

We have that for any a,a' £ T, the intersection T r<T n T rCT ' is an affine open subset of 
the separated variety X (see Chapter 2 of [33]). It is also a T M -invariant affine subset 
of both T r<T and T r ^' , hence it is of the form T Tt . By Lemma 13.101 we obtain two 
inclusion of semigroups T a — > T T and T a i — > T T . Since X is separated the diagonal map 
is a closed embedding (see Chapter 2 of[13j). Algebraically, this 
implies the surjectivity of the homomorphism 

k[f a } <g> fc fc[t r -'] -»■ k[f r ] , determined by f ® t 7 ' h-> t 7 + 7 '. 

It follows that the homomorphism of semigroups r CT x T a i — > T T , (7,7') 1— > 7 + 7' is 
surjective. This proves that T r = r CT + T a * thus 

R> r r = f = R>o(r (J + IV) = d + cr' 

By duality we deduce that t = a Ha'. By Proposition 13.101 we obtain 

r r = r ff + m(t, r a ) = iv + m(t, r CT 0- 

In conclusion, S is a fan in A^r and if T := {T a \ a € S} the triple (A r , S, T) verifies 
the compatibility properties of Definition 14.11 and the variety X^ is T M -equivariantly 
isomorphic to A". □ 

The following corollary is consequence of Proposition 16.21 and Theorem 17.51 

Corollary 7.6. The category with objets the triples (N, E, T) of Definition \4-l\ and 
morphisms those maps of fans with attached semigroups of Definition \6.1\ is equivalent 
to the category with objets the toric varieties of Definition \ 7.4\ and morphisms those 
equivariant morphism which extend morphisms of the corresponding algebraic tori; see 
Proposition 

8. Invertible sheaves on toric varieties 

In this section we describe how some of the classical results in the study of invariant 
invertible sheaves on a normal toric variety extend to the general case. 

Let T£ denote a toric variety defined by the triple (N, S, T). Recall that if a € X we 
denote by T a = T anM the normalization of the chart T r<T and by Ts the normalization 
ofT£. 

A support function h : |S| — > R is a continuous function such that for each a € S 
the restriction h\ a : a —¥ R is linear. We say that h is integral with respect to A^ if 
/i(|£| n N) C Z. We denote by SF(A", E) the set of support functions integral with 
respect to N. If h is a support function integral with respect to A^ then for any a £ E 
there exists m a £ M such that 

h(v) = (vjiriu), for all v £ a. 
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Notice that by continuity we have that 

(5) m T = m a mod M(r) = M <T\ t 1 , for r < o", a G S. 
The set {m„ | a G £} determines /i but may not be uniquely determined. 

Definition 8.1. A support function for the triple (N,T,,T) is a support function h : 
|E| — > R integral with respect to ./V which in addition verifies the compatibility property 

(6) m T = m a mod M(t,T t ), for r < a, a G E. 

We denote by SF(iV, S,T) the additive group of support functions for the triple 
(N, S,r). It is a subgroup of SF(iV, £). A vector m G M defines an element of 
SF(iV, S,r) hence we have a homomorphism M — > SF(iV, £,r), which is injective if 
the support of E spans Nn as a real vector space. 

Any h G SF(N, E) determines T M -invariant Cartier divisor on T% by 

(7) Dfc| TCT =div(r^)foraG£, 

where div(g) denotes the principal Cartier divisor of the rational function g on an 
irreducible variety. Notice that is independent of the possible choices of different 
Cartier data {m a \ a G E} defining /i. If cr, a' € £, r = a n cr' then T r = T CT n T^/ 
and ([5]) guarantees that t~ ma+m "' and t m " y ~ m ^ are both regular functions on T T . Any 
T M -invariant Cartier divisor on Ts is of the form for /i G SF(iV, E), i.e., it is defined 
by Cartier data. 

Lemma 8.2. // h G SF(N, E) is defined by the Cartier data {rn a j a G £} £/ien i£ 
defines a T M -invariant Cartier divisor on T£ i/ and on/y if {6]j holds, that is, if and 
only if he SF(N,Z,T). 

Proof. The condition to determine a Cartier divisor is that for any a, a' G S, r = aHcr' 
the transition function t~ m ' T+m ^' is an invertible regular function on T Ft = T r<T nT r "'. 
By Lemma 13.91 this is equivalent to ([6]). □ 

We have shown that the group CT)'w t m(T^) of T M -invariant Cartier divisors on 
T£ can be seen as a subset of CDiv T M (T^). The set {dw(t m )} m€ M is a subgroup of 
CDrvpAifT^) consisting of principal Cartier divisors. 

The map 

SF(N, E,r) — > CDiv TA i(T^), /i i-> D h . 

is a group isomorphism. The inverse map sends a Cartier divisor D on TK, given by 
the Cartier data {m a \ a G £}, to the function 

hp : = |E| — > R, hrj(v) = {v,m a ) if z/ G cr. 

A Cartier divisor on Xs determines an invertible sheaf Ot s (D). If [/ is an affine 
open set in which I? = div(gjj) for some rational function gjj then the set of sections 
H°(U,Ot s (D)) consists of those rational functions / which verify that fgu is a regular 
function on U. 

We denote by O t t the structure sheaf on the toric variety T£. The invertible sheaf 
of a T M -invariant Cartier divisor D on is the sheaf of O t t -modules O t t(D). By 
© the set of sections of this sheaf on T r<T is 

(8) H Q {T T %0 T r{D)) = t m °k[t r °}. 
We denote by P£ the following subset of M: 

(9) PE := f| m a + r CT . 

o-GS 
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The set of global sections of the sheaf T r is equal to 

(10) H\T^O T r{D)) = p| t™*k[t?°] = kt m . 

o-gS m6?J 

Remark 8.3. As in the normal case, a T M -invariant Cartier divisor D defines an equivari- 
ant line bundle Co whose sections coincide with those of the invertible sheaf T r(D). 
See [20], Chapter 2. 

The Picard group Pic(X) of a variety X consists of the isomorphism classes of in- 
vertible sheaves in X. 

Lemma 8.4. Suppose that |E| = Ar. For any Cartier divisor D on the toric variety T£ 
we have an T r-module isomorphism O t t{D) = T r{Dh) for some h G SF(iV, S,r). 
The following are equivalent for h G SF(A, E, V). 

i. h G M 

ii. Dh is a principal Cartier divisor. 

iii. Cn h is a trivial line bundle. 

iv. The sheaf T r{Dh) is isomorphic to T r as O t t -module. 

Proof. See Proposition 2.4 of |20j. □ 

Proposition 8.5. Suppose that |E| = Ar. Then we have canonical isomorphisms 

SF(A,E,r)/M -> Pic(T^) -> CDiv T M(T^)/{div(t m )} meM , 

from which we deduce a canonical injection Pic(T^) — > Pic(Ts). 

Proof. This follows by using the same arguments as in Corollary 2.5 [20]. □ 
If p belongs to the 1-skeleton E(l) of the fan E we denote by v p the primitive integral 

vector for the lattice N in the ray p, that is the generator of the semigroup p n N. We 

associate to h £ SF(iV, S) the polyhedron 

(11) P h := {m G M R | (u p , m) > h(u p ), p G E(l)}. 
Recall that 

(12) Pi h = lP h and P h + P h = P h+h . 
for any integer / > 1 and h, h! G SF(iV, E). 

Proposition 8.6. Suppose that |E| = A^r. The following are equivalent for h G 
SF(N, S,r) defining a Cartier divisor D = Dh- 

i. The O t v -module O t t(D) is generated by its global sections. 

ii. h is upper convex, i.e., h(v) + h(v') < h{v + v') for all u, v' G Ar. 

iii. The polytope P^ has vertices {m a \ a G E}. 

// these conditions hold the convex hull of the set P£ is the polytope Ph and h is the 
support function of the polytope Ph ■ 

Proof. The proof follows as in the normal case (see Theorem 2.7 [20]). □ 
If |E| = Ar the support function h G SF(A, E,T), defined by the Cartier data 
{nrifj | a G E}, is strictly upper convex if it is upper convex and in addition 

h(v) = {u, m a ) if and only if v € a , for a G E. 

Suppose that h G SF(A, E, T) verifies the equivalent conditions of Proposition 18.61 
Set D = Dh- If p£) = {u\, . . . , Us} we have a morphism 

(13) <S> D :T£ ^P s -\ $ D = (t ttl : ■■■ : t u °). 
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(defined in homogeneous coordinates of P s k ). The morphism <3?£> is equivariant with 
respect the map of tori $| T m : T M -> T M \ where T M> denotes the torus of PjT 1 with 
respect to the fixed coordinates. 

Proposition 8.7. Suppose that [S\ = Nr. The following are equivalent for h G 
SF(N, S,r) defining a Cartier divisor D = D^. 

i. D is very ample. 

ii. h is strictly upper convex and for all a G the set {m — | m G P^} 
generates the semigroup T a . 

Proof. Suppose that h is not strictly upper convex. Then there exists (i-dimensional 
cones a, a' G S such that r = a n a' is of dimension d — 1 and m a = m a i . This implies 
that the section defined by t m(T in the open set U = T r - U T r -' is no where vanishing. 

By definition there exists 1 < i < s such that m a = m. 

The restriction of $d to U factors through the affine open set C s , where the z-th 
homogeneous coordinate does not vanish. It is of the form: 

<&\u : Z7-> C s -\ with $ |f/ = (r i - m V--,i" i - 1 ~ m ^i w<+1 ~ m V--,i" s ~ m<r ). 

By Lemma 13.51 the closure of the orbit orb(r, T) is a complete one-dimensional toric 
variety contained in U. The restriction 3>| orb ( T r ^ must be constant hence $ is not an 
embedding. This implies that if is very ample h is strictly upper convex. 

Suppose that h is strictly upper convex. If a € S is a (f-dimensional cone then mo- 
belongs to {ui}f =1 , say m a = u s . The restriction of <!> to T r<T factors though the affine 
open set of P^ _1 where the last homogeneous coordinate does not vanish. It is described 
algebraically by the homomorphism of fc-algebras: 

-> k[f], yi^t u *- m % i = l,...,s- 1. 

This maps defines a closed immersion if and only if it is surjective. This happens if and 
only if the set of vectors {uj — m ff }i<j< s -i generate the semigroup r CT . □ 

Proposition 8.8. Suppose that [S\ = ./Vr. The following are equivalent for h G 
SF(N,E,r). 

i. Dh is ample 

ii. h is strictly upper convex. 

Proof. If D is ample then ID is very ample for I ^> 0. Since ID = D\^ it follows that 
h is strictly upper convex if Ih is and the assertion holds by Proposition 18.71 

Conversely suppose that h is strictly upper convex. We prove that ID^ is very ample 
for I ^> 0. By Proposition 18.71 it is sufficient to prove that there exists an integer 
I S> such that for each d-dimensional cone a G S the semigroup r CT is generated by 
{to — lm a I m G Pn }■ 

If a' G E, dimcr' = d, r = a'Cia we have that r T = r o - + Z>o(— u) for any u G Tq- in the 
relative interior of the cone t 1 - Ha (see Lemma [3 .9p . For instance we take u = m a i —m a . 
We obtain similarly that T T = T a i + Z>o(u). 

If 7 G T a then 7 belongs to T T and there exists 7' G IV and an integer p > such 
that 7 = 7'+ pit. If Z > p we obtain: 

(14) Ztoo-/ + 7' + (Z - p)(m a - Too-') = Ztoo- + 7. 

If Z is big enough, a formula of the form (|14p holds for any 7 in a finite set G a of 
generators of T CT (where p and 7' vary with 7) and for any cone a' G E(cQ. Since 7' and 
TYhfj — m a i belong to T a > this implies t lm " T+ ' y defines a section in H°(T r <?' , O t t{Dij 1 )) (see 
flSJ)) for any cone a' G We deduce that for any 7 G Go- the vector Zttv + 7 belongs 

to the set P£ and t lm,7+1 defines a global section of T v{Dih). □ 
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Remark 8.9. Let A = {ui, . . . ,u s } be a subset of a lattice M such that ZA = M, i.e., 
A spans M as a lattice. Gel'fand, Kapranov, and Zelevinsky [8] define a projective toric 
variety X4 as the closure of the image of the map 

<p A = (t ul : ... : t Us ): T M -> P^ 1 . 

Let us explain how their definition fits with our notion of projective toric variety. Let 
P be the convex hull of A in Mr, and £ de dual fan of P. Each a G £ of maximal 
dimension determines a vertex m CT of P, which is necessarily an element of A. We 
associate to a the semigroup Y a := ^ Z>o("Uj — m a ). If r < a we define T T by ([2|). The 
set r := {T^ I 9 G £} is well-defined and the triple (iV, E,T) defines a toric variety T£ 
(the argument is the same as the one used in the proof of Proposition [5J]). The support 
function h of P belongs to SF(iV, S, V) and is strictly upper convex. If D = we 
deduce from the definitions that P^ = A. By Proposition 18.71 the Cartier divisor D is 
very ample, and the morphism (|13p is an equivariant embedding of T£ in the projective 
space P^ 1 such that (&d)\t m = <PA- It follows that X4 = $d(t£). 

Remark 8.10. If F = Yli=i c ^ Ui e k[t M ] is a polynomial with ci . . . c s ^ 0, then F 
defines a global section of T r (D) such that the closure of {F = 0} n T M in T£ does 
not meet any zero-dimensional orbit of T^. 

Part II: The Semple-Nash modification in the toric case 

In this part we recall first the definition and basic properties of the Semple-Nash 
modification. Then it is shown that the the Semple-Nash modification of a toric variety, 
defined over an algebraically closed base field of characteristic zero, is isomorphic to the 
blowing up of the sheaf of logarithmic jacobian ideals. This last blowing-up is defined 
for toric varieties in any characteristic and is an isomorphism if and only if the toric 
variety is non singular. 

9. The Semple-Nash modification: preliminaries 

In [21] . Semple introduced the Semple-Nash modification of an algebraic variety and 
asked whether a finite number of iterations would resolve the singularities of the variety. 
The same question was apparently rediscovered by Chevalley and Nash in the 1960's, 
and studied notably by Nobile (see [IE]), Gonzalez-Sprinberg (see [U] and pH]), Hiron- 
aka (see [14]), and Spivakovsky (see [22]). The best consequence so far of all this work 
is the Theorem, due to Spivakovsky, stating that by iterating the operation consist- 
ing of the Semple-Nash modification followed by normalization one eventually resolves 
singularities of surfaces over an algebraically closed field of characteristic zero. 

Let X be a reduced algebraic variety or analytic space, which we may assume of 
pure dimension d for simplicity. Whenever we speak of the Semple-Nash modification, 
we assume that we are working over an algebraically closed field k of characteristic 
zero. Consider the Grassmanian g: Grass^^ — > X; it is a proper algebraic map, which 
has the property that its fiber over a point of x is the Grassmanian of (i-dimensional 
subspaces of the Zariski tangent space Ex, x - The map g is characterized by the fact that 
g*&x has a locally free quotient of rank d and g factorizes in a unique manner every 
map to X with this property. Let X° denote the non singular part of X, which is d- 
dimensional and dense in X by our assumptions. Since the restriction f2^|X° is locally 
free the map g has an algebraic section over X° and the Semple-Nash modification 
is defined as the closure NX of the image of this section, endowed with the natural 
projection nx ■ NX — > X induced by g. The map nx is proper and is an isomorphism 
over X°; it is a modification. Like the Grassmanian of Q x , it is defined up to a unique 
X-isomorphism. 
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A local description can be given for a chart X\U of X embedded in affine space 
A N (k) by taking the closure in (X\U) x G(N,d) of the graph of the Gauss map 
7: (X\U)° — > G(N,d) sending each non singular point to the class of its tangent space 
in the Grassmanian of d-dimensional vector subspaces in A N (k). For any point i£l 
the fiber n x (x) is the subset of G(N,d) consisting of limit positions at x G X of tan- 
gent spaces to X along sequences of non singular points tending to x. In this guise, the 
Semple-Nash modification appears in a complex-analytic framework in the paper [30] 
of Hassler Whitney in connection with equisingularity problems. 

Proposition 9.1. (Nobile), see [18] and [25]. Let X be a reduced equidimensional space; 
if the map 

n x ■ NX -> X 
is an isomorphism, the space X is non singular. 

For the convenience of the reader, we sketch the proof found in |25j : 
If the map nx is an isomorphism, the sheaf Q x has a locally free quotient of rank d. 
The problem is local, so it is enough to prove that the existence of a surjective map 
(ft: Q X x ~ * ®Xx i m phes, in characteristic zero, that Ox,x is regular. Passing to the 
completion and tensoring Q x x by Ox,x we may assume that Ox,x is complete. We 
consider the linear map e : O x — > Ox,x sending the first basis vector to 1 and the 
others to 0. The composition of e with the map (ft gives a surjective map, so that there 
has to be an element h £ Ox, x such that the image of dh in Ox,x by e o (ft is equal 
to 1, and then the fc-derivation D : Ox,x Ox.x corresponding to e o (ft is such that 
Dh = 1. In characteristic zero one can formally integrate this non vanishing vector 
field using the formal expansion of exp(-hD) to get an isomorphism Ox,x — 
where 0\ ~ Ox,x/{h). By construction 0\ satisfies the same assumptions as Ox,x in 
one less dimension. By induction we are reduced to dimension zero, but a reduced zero 
dimensional complete equicharacteristic local ring is k in our case. We refer to |25j for 
details, and to [H] for the original proof. 




Remark 9.2. Note that the Semple-Nash modification is defined in any characteristic 
but its being an isomorphism does not imply regularity in positive characteristic; it is 
the case for y p — x q = with (p, q) = 1 in characteristic p. See [15] . 



The following is an extension to the case of not necessarily normal toric varieties of 
a result of Gonzalez-Sprinberg ([10]: a summary of this work appeared in [11]) which 
was revisited by Lejeune-Jalabert and Reguera in the appendix to [T7] . 
Let X be an affine toric variety over an algebraically closed field k. Using the notations 
of Section [3] we write its ring 



where P is a prime binomial ideal (U m — U n of the polynomial ring k[U±, . . . , U r \. 
Let d be the dimension of X and denote by C C Z r the lattice generated by the 
differences (m e — n 1 )^^; by [E-S], it is a direct factor of Z r since X is irreducible and 
k is algebraically closed. Setting c = r — d, we may identify L with {1, . . . ,L} with 
L = |L| in such a way that the lattice generated by (m 1 — n , . . . , m c — n c ) has rank c. 
The quotient 77 j L is isomorphic to Z d and we have an exact sequence 



Our affine toric variety X is Spec/c[i r ], where F is the semigroup generated in Z d by the 
images 71 , . . . , 7 r of the basis vectors of Z r . 




10. The Semple-Nash modification in the toric case 



R = k[U 1 ,...,U r ]/P, 



(15) 
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Proposition 10.1. (Generalizing |10j and [IT]) Keeping the notations just intro- 
duced, let X be an affine toric variety over an algebraically closed field of characteristic 
zero. The Semple-Nash modification of X is isomorphic to the blowing-up of the ideal 
of R generated by the images of the products . . . Ui d such that Det(7i 1 , • • • , 7i d ) 7^ 0. 

Proof. A straightforward computation using logarithmic differentials shows that the 

£ £ 

jacobian determinant Jk,L' of rank c = r — d of the generators (U m — U n )ee{i,...,L} °f 
our prime binomial ideal P C k[U\, . . . , U r ], associated to a sequence K = (k\, . . . , k c ) 
of distinct elements of {1, ... , r} and a subset L' C {1, . . . } L} of cardinality c, satisfies 
the congruence 

U kl ... U kc .J KiL , = ( H U me )Det K v(((m - n))) mod.P, 
eeh' 

where ((m — n)) is the matrix of the vectors (m — nr)^ e /i i\, and Det^,L' indicates 
the minor in question. By Lemma 6.3 of [26], the rank of the image in k rxL of the 
matrix f(m — n)) is equal to c. 

By (|18j. proof of Th.l) the Nash modification of X is isomorphic to the blowing 
up in X of the ideal generated as K = {k%, . . . , k c ) runs through the sets of c distinct 
elements of (1, ... , r) by the elements Jk,l, satisfying the congruences 

U kl ... U kc .J KM = ( J] U m£ )Det K ± (((m - n))) mod.P, 
eeu> 

where Lo = (1, . . . , c) is, after renumbering of {1, . . . , L}, a subset such that these 
jacobian determinants are not all zero; such subsets exist since the Jk,L' are not all 
zero. Remark the necessity that Jkl, = whenever the determinant on the right side 
is zero. 

Remark also that by [3], we may not suppose that the first c binomials define a 
complete intersection. 

Now for each K let us multiply both sides by . . . Ui d , where I = («i,. . . ,2^) = 
{1, . . . , r} \ K . We obtain for each K the equality: 

(16) C/i . . . U r .J KM ee U h . . . U id ( J] £/ m ')Det x ,L ((("» " *») mod.P 

feLo 



Taking exterior powers for the map ip in the sequence (115p gives an injection 

A £ A Z r 

r—d 

whose image is a primitive vector in A Z r since it is a direct factor. 

Let Co C £ be the lattice generated by the differences (m 1 — n , . . . , m c — n c ), that is, 

corresponding to the first c binomial equations. The image of its (r — d)-th exterior 

r—d 

power is a non zero multiple of the primitive vector A £; all the c x c minors of the 
matrix ((m — n}) involving vectors 77/ — n with £ > c are rationally dependent upon 
those which do not. Consider now the d-th exterior power of the map dual to the 
surjection Z r -» Z d -» of (fl5]): 

d _ , d ~ 

^A Z d ^A Z r . 

d - d , 

The image of A Z" is a primitive vector in A Z r . 
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d r—d 

By the natural duality isomorphism between A Z r and A Z r (see [2] §11, No. 11, 
Prop. 12) deduced from the pairings 

A A Z r ^ Z, A Z r ® r A d Z r ->• Z, 

r—d 

this vector correspond to the image of A C in such a way that the coordinate which 
corresponds to the determinant of the vectors 7^ , . . . , ji d in Zi d is a rational multiple 
of the determinant Det^L (((m — which is non zero since our base field is of 

characteristic zero. 

Equation [16] now shows that the ideal of R generated by the Jk,~l differs from the 
ideal generated by the images of the products . . . Ui d such that Det(7i 1 , . . . , 7^) 7^ 
only by the product by invertible ideals, so that these two ideals determine isomorphic 
blowing ups, which proves the Proposition. □ 

Remark 10.2. The proof found in [LJ-R] is valid in the non-normal case; the proof given 
here makes explicit the connection of the logarithmic jacobian ideal with the usual one. 

11. The sheaf of logarithmic jacobian ideals on a toric variety 

Let the pair (E,T) define a toric variety T£ as in Definition 14.11 
On the affine open set T r,T , a E E we consider the ideal J a of k[t v "\ generated by 
monomials of the form t a , where a belongs to the set 

\Ja\ = {"l + • • • + oid I oci, . . . ,cy G r CT and a\ A • • • A 7^ 0}. 

The ideal J a is called the logarithmic jacobian ideal of T r<T . 

Remark 11.1. If 71, . . . , 7 r are generators of r<j the semigroup r CT then the monomials 
t a , for a in 

(17) {7ii +••• + 7i d I Ih A-- - A7i d ^0, 1 <h,...,i d < r}, 

generate the ideal J a . Abusing notation we denote the set (|17j) with the same letter 
J a} whenever the set of generators of T a is clear from the context. 

Remark 11.2. The isomorphism of Proposition 1 1 . 81 carries the logarithmic jacobian ideal 
of k[t rxr ] onto the tensor product of the logarithmic jacobian ideals of the factors. 

Remark 11.3. In the one-dimensional case the logarithmic jacobian ideal is the maximal 
ideal corresponding to the closed orbit. It is a classical fact that iterating the blowing-up 
of the singular point resolves the singularities of any branch. 

Proposition 11.4. The family {^J a | <r G S} defines a T M -invariant sheaf of ideals J 
on T£, which is called the sheaf of logarithmic jacobian ideals ofT^. 

Proof. It is sufficient to check that if r < a, a € E, then the ideal J T coincides with 
the extension J a k\tF T \ induced by the inclusion fc[i r<T ] k[t rT ] defined by T a CT T . 

By Lemma 13.91 if m G T ff belongs to the relative interior of the cone a n t 1 - then we 
have that T T = T a + Z>o(— m) (such a vector m always exists). 

If 71,..., 7 r are generators of T a then 71, . . . , j r , — m are generators of r r . This 
implies the inclusion J a C J T . By Remark 111.11 an exponent a in J T which does not 
belong to the set Jo- is of the form: a = 7^ + - • •+7i d _ 1 — m, with 7^ A- • •A7i <J _ 1 A(— m) 7^ 
0. Then, the element j3 := 7^ + • • • + 7i d _ 1 + m belongs to J a and we obtain that: 

t a = t -2m t l3 £ J^-], and J a k[t T -] = J T . □ 

Lemma 11.5. There is a continuous piecewise linear function ordj-: |E| — > R such 
that for each r 6 E i/ie function ord^ is i/ie restriction of or dj to r. 
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Proof. This follows from the definition of ordj- CT (see ©), by using that J is a sheaf 
of monomial ideals. 

Remark 11.6. Note that Lemma [11.51 holds more generally if we replace J by any sheaf 
of monomial ideals I on j£ . 

The following corollary is consequence of Propositions 111.41 and 110.11 

Corollary 11.7. The Semple-Nash modification of the toric variety T^, defined over 
an algebraically closed base field of characteristic zero, is isomorphic to the blowing up 
of its sheaf of logarithmic jacobian ideals. 

This allows us to extend Proposition 19 . 1 1 to arbitrary characteristic in the case of toric 
varieties: 

Proposition 11.8. The toric variety T£ is non singular if and only if the blowing up 
of the logarithmic jacobian ideal is an isomorphism. 

Proof. We only have to prove that if the blowing up of the logarithmic jacobian 
ideal of an affine toric variety is an isomorphism the variety is smooth. Remembering 
that r generates the group M and that the cone a generated by T is the dual of a 
d-dimensional cone with d = rankM > 1 and is strictly convex, let us choose a minimal 
system of generators 71, ... , 7^, 7<2+i, • • • such that = 71 + • • • + 7d corresponds to 
the generator of the logarithmic jacobian ideal which, by our assumption, is principal. 
If there are more than d generators, then 7^+1 is linearly dependent on the previous 
ones which gives us another element m = 71 + • • • + 7«_i + 7^+1 + 7^+1 + • • • + 7^ of 
our ideal. Our assumption ensures that m — rrS 1 ^ = 7d+i — 7i is in T, which contradicts 
the assumption of minimality since the appearance of 7d+i in the right hand side of 
an expression 7^+1 — 1% = Yl a klk, «fc G N, would contradict the strict convexity of 
the cone a by implying either that some positive multiple of — 7d+i is in T or that — 7^ 
is in r. Therefore T has d independent generators which generate M and k[t r ] is a 
polynomial ring. □ 
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